ABSTRACT. E 8 is prominent in mathematics and theoretical physics, and is generally viewed as an exceptional symmetry in an eight-dimensional space very different from the space we inhabit; for instance the Lie group E 8 features heavily in ten-dimensional superstring theory. Contrary to that point of view, here we show that the E 8 root system can in fact be constructed from the icosahedron alone and can thus be viewed purely in terms of three-dimensional geometry. The 240 roots of E 8 arise in the 8D Clifford algebra of 3D space as a double cover of the 120 elements of the icosahedral group, generated by the root system H 3 . As a by-product, by restricting to even products of root vectors (spinors) in the 4D even subalgebra of the Clifford algebra, one can show that each 3D root system induces a root system in 4D, which turn out to also be exactly the exceptional 4D root systems. The spinorial point of view explains their existence as well as their unusual automorphism groups. This spinorial approach thus in fact allows one to construct all exceptional root systems within the geometry of three dimensions, which opens up a novel interpretation of these phenomena in terms of spinorial geometry.
INTRODUCTION
Lie groups are a central subject of 20th century mathematics as well as physics. In particular, the largest exceptional Lie group E 8 is central to String Theory and Grand Unified Theories and is thus arguably the single most important symmetry group in modern theoretical physics. Lie groups are continuous groups and are closely related to their corresponding Lie algebras. Their non-trivial part in turn is described by a root system: a collection of reflection generating vectors called roots, which generate a reflection symmetry group (called a crystallographic Coxeter group or Weyl group). It is easy to move between those four related concepts and we will usually not make a distinction -with the exception of non-crystallographic root systems such as H 3 (which generates icosahedral symmetry) and its 4D analogue H 4 , since their non-crystallographic nature means that there is no associated Lie algebra.
This Lie-centric view point of much of theoretical physics, due to the fact that the gauge theories of high energy physics are formulated in terms of Lie groups, has unduly neglected the non-crystallographic groups. Here we Date: February 22, 2016. instead advocate the root system as the more convenient and perhaps fundamental concept. The shift of perspective that allows to prove the central results of this paper is motivated in two ways. Firstly, non-crystallographic symmetries such as icosahedral symmetry are important in other areas of science outside the gauge theory paradigm, such as for the symmetries of viruses and fullerenes [1, 2, 3, 4, 5] , where we have demonstrated the usefulness of a root system-based approach. The second ingredient is employing a Clifford algebra framework. Since for root systems the use of an inner product is already implicit, one can construct the Clifford algebra on the underlying vector space without any loss of generality, but achieving conceptual and computational simplifications. As these Clifford algebras have matrix representations, there is traditionally much prejudice towards resorting to matrices rather than working with the algebra directly; we advocate the more algebraic and geometric point of view, in particular as it provides a simple and geometric way to construct spinor groups.
This approach offers a Clifford geometric construction of all the exceptional root systems as induced from the 3D root systems, a fact that has not been appreciated before from the Lie-theoretic perspective. The E 8 root system is commonly thought of as an exceptional (i.e. there are no corresponding symmetry groups in arbitrary dimensions) phenomenon of eight-dimensional geometry, far removed from 3D geometry. In this article we show that the eight dimensions of the 3D Clifford algebra actually allow E 8 to be unveiled as a 3D geometric phenomenon in disguise; likewise all 4D exceptional root systems also arise within 3D geometry in this way. This opens up a completely novel way of viewing exceptional higherdimensional phenomena in terms of 3D spinorial geometry.
This paper is structured in the following way. After some preliminary definitions and background in Sections 2 (root systems and reflection groups) and 3 (Clifford algebras), we show in general that any 3D symmetry group induces a 4D symmetry group via their root systems (Section 4). In particular, the Platonic root systems (A 3 , B 3 , H 3 ) induce all the exceptional 4D root systems (D 4 , F 4 , H 4 ) in terms of 3D spinors; this also explains their unusual symmetry groups. In Section 5 we concretely explain the case of icosahedral symmetry H 3 inducing the exceptional largest non-crystallographic Coxeter group H 4 from a spinor group (the binary icosahedral group 2I) that describes the 60 icosahedral rotations in terms of 120 spinors doubly covering the rotations. The above collection of Platonic root systems (A 3 , B 3 , H 3 ) in fact forms a trinity that is related to the trinity of exceptional Lie groups (E 6 , E 7 , E 8 ) via various intermediate trinities and also via my new spinor construction in combination with the McKay correspondence. This is the first hint that the icosahedron may be indirectly related with E 8 . Section 6 makes a completely new, direct connection between them by concretely constructing the 240 roots of the E 8 root system from the 240 pinors that doubly cover the 120 icosahedral reflections and rotations in the eight-dimensional Clifford algebra of 3D. Thus all the exceptional root systems can in fact be seen as induced from the polyhedral symmetries and the Clifford algebra of 3D. This offers a new way of better understanding these exceptional phenomena in terms of spinorial geometry; this reinterpretation has the potential for a wide range of profound consequences. We conclude in Section 7.
ROOT SYSTEMS AND REFLECTION GROUPS
In this section, we introduce Coxeter (reflection) groups via the root systems that generate them [6] : Definition 2.1 (Root system). A root system is a collection Φ of non-zero (root) vectors α spanning an n-dimensional Euclidean vector space V endowed with a positive definite bilinear form denoted by (·|·), which satisfies the two axioms:
(1) Φ only contains a root α and its negative, but no other scalar multiples:
corresponding to reflections in hyperplanes orthogonal to root vectors in Φ:
For a crystallographic root system, a subset ∆ of Φ, called simple roots α 1 , . . . , α n , is sufficient to express every element of Φ via Z-linear combinations with coefficients of the same sign. Φ is therefore completely characterised by this basis of simple roots. In the case of the non-crystallographic root systems H 2 , H 3 and H 4 , the same holds for the extended integer ring Z[τ] = {a + τb|a, b ∈ Z}, where τ is the golden ratio τ = For instance, the root system of the icosahedral group H 3 has one link labelled by 5 (via the above relation τ = 2 cos The reflections in the second axiom of the root system generate a reflection group. A Coxeter group is a mathematical abstraction of the concept of a reflection group via involutory generators (i.e. they square to the identity, which captures the idea of a reflection), subject to mixed relations that represent m-fold rotations (since two successive reflections generate a rotation in the plane defined by the two roots).
Definition 2.3 (Coxeter group).
A Coxeter group is a group generated by a set of involutory generators s i , s j ∈ S subject to relations of the form (s i s j ) m i j = 1 with m i j = m ji ≥ 2 for i = j.
The finite Coxeter groups have a geometric representation where the involutions are realised as reflections at hyperplanes through the origin in a Euclidean vector space V , i.e. they are essentially just the classical reflection groups. In particular, then the abstract generator s i corresponds to the simple reflection
(α i |α i ) α i in the hyperplane perpendicular to the simple root α i . The action of the Coxeter group is to permute these root vectors, and its structure is thus encoded in the collection Φ ∈ V of all such roots, which in turn form a root system.
Here we employ a Clifford algebra framework, which via the geometric product affords a uniquely simple prescription for performing reflections via 'sandwiching' −αλ α (assuming unit normalisation). Since due to the Cartan-Dieudonné theorem any orthogonal transformation in any dimension and signature can be written as products of reflections, the 'sandwiching' prescription in fact extends to any orthogonal transformation. For any root system, the quadratic form mentioned in the definition can always be used to enlarge the n-dimensional vector space V to the corresponding 2 ndimensional Clifford algebra. The Clifford algebra is therefore a very natural object to consider in this context, as its unified structure simplifies many problems both conceptually and computationally, rather than applying the linear structure of the space and the inner product separately. In particular, it provides (s)pinor double covers of the (special) orthogonal transformations, as well as geometric quantities that serve as unit imaginaries. We therefore advocate the use of Clifford algebra as the most natural framework for root systems and reflection groups.
CLIFFORD VERSOR FRAMEWORK
Clifford algebra can be viewed as a deformation of the (perhaps more familiar) exterior algebra by a quadratic form -though we do not necessarily advocate this point of view; they are isomorphic as vector spaces, but not as algebras, and Clifford algebra is in fact much richer due to the invertibility of the algebra product. The geometric product of Geometric/Clifford Algebra is defined by xy = x · y + x ∧ y, where the scalar product (given by the symmetric bilinear form) is the symmetric part x ·y = (x|y) = 1 2 (xy+yx) and the exterior product the antisymmetric part x ∧ y = 1 2 (xy − yx) [7, 8, 9, 10] .
It provides a very compact and efficient way of handling reflections in any number of dimensions, and thus by the Cartan-Dieudonné theorem in fact of any orthogonal transformation. For a unit vector α, the two terms in the above formula for a reflection of a vector v in the hyperplane orthogonal to α simplify to the double-sided ('sandwiching') action of α via the geometric product (3.1)
This prescription for reflecting vectors in hyperplanes is remarkably compact (note that α and −α encode the same reflection and thus provide a double cover). Via the Cartan-Dieudonné theorem, any orthogonal transformation can be written as the product of reflections, and thus by performing consecutive reflections, each given via 'sandwiching', one is led to define a versor as a Clifford multivector A = a 1 a 2 . . . a k , that is the product of k unit vectors a i [9] . Versors form a multiplicative group called the versor/pinor group Pin under single-sided multiplication with the geometric product, with inverses given byÃA = AÃ = ±1, where the tilde denotes the reversal of the order of the constituent vectorsÃ = a k . . . a 2 a 1 , and the ±-sign defines its parity. Every orthogonal transformation A of a vector v can thus be expressed by means of unit versors/pinors via
Unit versors are double-covers of the respective orthogonal transformation, as A and −A encode the same transformation. Even versors R, that is, products of an even number of vectors, are called spinors or rotors. They form a subgroup of the Pin group and constitute a double cover of the special orthogonal group, called the Spin group. Clifford algebra therefore provides a particularly natural and simple construction of the Spin groups. Thus the remarkably simple construction of the binary polyhedral groups in Section 4 is not at all surprising from a Clifford point of view, but appears to be unknown in the Coxeter community, and ultimately leads to the novel result of the spinor induction theorem of (exceptional) 4D root systems in Section 4 and the construction of the E 8 root system from H 3 in Section 6. The versor realisation of the orthogonal group is much simpler than conventional matrix approaches. Table 1 summarises the various action mechanisms of multivectors: a rotation (e.g. the continuous group SO(3) or the discrete subgroup, the chiral icosahedral group I = A 5 ) is given by double-sided action of a spinor R, whilst these spinors themselves form a group under single-sided action/multiplication (e.g. the continuous group Spin(3) ∼ SU(2) or the discrete subgroup, the binary icosahedral group 2I). Likewise, a reflection (continuous O(3) or the discrete subgroup, the full icosahedral group the Coxeter group H 3 ) corresponds to sandwiching with the versor A, whilst the versors single-sidedly form a multiplicative group (the Pin(3) group or the discrete analogue, the double cover 
of H 3 , which we denote Pin(H 3 )). In the conformal geometric algebra setup one uses the fact that the conformal group C(p, q) is homomorphic to SO(p + 1, q + 1) to treat translations as well as rotations in a unified versor framework [8, 10, 11, 12, 13] . [12, 13] .
THE GENERAL 4D SPINOR INDUCTION CONSTRUCTION
In this section we prove that any 3D root system yields a 4D root system via the spinor group obtained by multiplying root vectors in the Clifford algebra [14] . 
) between two spinors R 1 and R 2 . This allows one to reinterpret the group of 3D spinors generated from a 3D root system as a set of 4D vectors, which in fact can be shown to satisfy the axioms of a root system as given in Definition 2.1.
Theorem 4.2 (Induction Theorem)
. Any 3D root system gives rise to a spinor group G which induces a root system in 4D.
Proof. Check the two axioms for the root system Φ consisting of the set of 4D vectors given by the 3D spinor group:
(1) By construction, Φ contains the negative of a root R since spinors provide a double cover of rotations, i.e. if R is in a spinor group G, then so is −R , but no other scalar multiples (normalisation to unity). (2) Φ is invariant under all reflections with respect to the inner product
Since the number of irreducible 3D root systems is limited to (A 3 , B 3 , H 3 ), this yields a definite list of induced root systems in 4D -this turns out to be (D 4 , F 4 , H 4 ), which are exactly the exceptional root systems in 4D. In fact both sets of three are trinities: named after Arnold's observation that many related objects in mathematics form sets of three, beginning with the trinity (R, C, H) [15, 16] , and extending to projective spaces, Lie algebras, spheres, Hopf fibrations etc. Arnold's original link between these two trinities (A 3 , B 3 , H 3 ) and (D 4 , F 4 , H 4 ) that arise here is extremely convoluted, and our construction presents a novel direct link between the two. The abundance of root systems in 4D can in some sense be thought of as due to the accidentalness of our spinor construction. In particular, the induced root systems are precisely the exceptional (i.e. they do not have counterparts in other dimensions) root systems in 4D: D 4 has the triality symmetry (permutation symmetry of the three legs in the diagram) that is exceptional in 4D and is of great importance in string theory, showing the equivalence of the Ramond-Neveu-Schwarz and the Green-Schwarz strings. F 4 is the only F-type root system, and H 4 is the largest non-crystallographic root system. In contrast, in arbitrary dimensions there are only A n (n-simplex), B n (n-hypercube and n-hyperoctahedron) and D n .
Not only is there an abundance of root systems related to the Platonic solids as well as their exceptional nature [17] , but they also have unusual automorphism groups, in that the order of the groups is proportional to the square of the number of roots. This is also explained via the above spinor construction via the following result: Theorem 4.3 (Spinorial symmetries). A root system induced through the Clifford spinor construction via a binary polyhedral spinor group G has an automorphism group that trivially contains two factors of the respective spinor group G acting from the left and from the right.
This systematises many case-by-case observations on the structure of the automorphism groups [18, 19] , and shows that all of the 4D geometry is already contained in 3D [20] . For instance, the automorphism group of the H 4 root system is 2I × 2I -in the spinor picture, it is not surprising that 2I yields both the root system and the two factors in the automorphism group. We therefore consider the example of the induction H 3 → H 4 in more detail, as this will prove one of the crucial steps towards constructing the E 8 root system.
EXAMPLE: CONSTRUCTING H 4 FROM H 3
Here we construct the spinor group generated by the simple reflections of H 3 explicitly as an example and as an intermediate result. The simple roots of H 3 are taken as
Under free multiplication under the Clifford algebra product, they generate a group with 240 pinors, whilst the even subgroup consists of 120 spinors, for instance of the form which are precisely the 120 roots of the H 4 root system. This is very surprising from a Coxeter perspective, as one usually thinks of H 3 as a subgroup of H 4 , and therefore of H 4 as more 'fundamental'; however, one now sees that H 4 does not in fact contain any structure that is not already contained in H 3 , and can therefore think of H 3 as more fundamental [20] . From a Clifford perspective it is not surprising to find this group of 120 spinors, which is the binary icosahedral group 2I, since Clifford algebra provides a simple construction of the Spin groups; however, this is completely unexpected from the conventional Coxeter and Lie group perspective. This spinor group 2I has 120 elements and 9 conjugacy classes. I has five conjugacy classes and it being of order 60 implies that it has five irreducible representations of dimensions 1, 3,3, 4 and 5 (since the sum of the dimensions squared gives the order of the group ∑ d 2 i = |G|). The nine conjugacy classes of the binary icosahedral group 2I of order 120 mean that this acquires a further four irreducible spinorial representations 2 s , 2 s , 4 s and 6 s . The automorphism group of the H 4 root system is 2I × 2I, which in this framework is trivial (see Theorem 4.3), as it merely reflects that 2I is closed with respect to left and right multiplication, but the literature has been very confused about this simple fact by overlooking the underlying simple construction. It is also worth pointing out that it is convenient to have all these 4 different types of polyhedral groups in a unified framework within the Clifford algebra, rather than using SO(3) matrices for the rotations and then having to somehow move to SU(2) matrices for the binary groups.
In terms of a quaternionic description of the even (spinorial) subalgebra (they are isomorphic, though we advocate here the geometric rather than algebraic point of view), the H 3 root system consists precisely of the pure quaternions, i.e. those without a real part, and the full group can be generated from those under quaternion multiplication. This is very poorly understood in the literature, and just hinges on the above description in terms of spinors together with the fact that the inversion ±I is contained in the full H 3 group, as one can then trivially Hodge dualise root vectors to bivectors, which are pure quaternions. We have explained this in previous work [20] . For instance, the statement is not true when the inversion is not contained in the group, as is the case for A 3 . However, the spinorial induction construction still works for this, yielding D 4 . Moreover, the 'quaternionic generators' generating the 4D groups via quaternion multiplication are just seen to be the even products of 3D simple roots α 1 α 2 and α 2 α 3 so that the 4D group manifestly does not contain anything that was not already contained in the 3D group. We therefore believe the spinor induction point of view of going from 3D to 4D is more fundamental than the pure quaternion approach identifying the 3D group as a subgroup of the 4D group.
This binary icosahedral group has a curious connection with the affine Lie algebra E + 8 (and likewise for the other binary polyhedral groups and the affine Lie algebras of ADE-type) via the so-called McKay correspondence [21] , which is twofold: We can define a graph by assigning a node to each of the nine irreducible representations of the binary icosahedral group with the following rule for connecting nodes: each node corresponding to a certain irreducible representation is connected to the nodes corresponding to those irreducible representations that are contained in its tensor product with the irrep 2 s . For instance, tensoring the trivial representation 1 with 2 s trivially gives 2 s and thus the only link 1 has is with 2 s ; 2 s ⊗ 2 s = 1 + 3, such that 2 s is connected to 1 and 3, etc. The graph that is built up in this way is precisely the Dynkin diagram of affine E 8 , as shown in Figure 1 . The second connection is the following observation: the Coxeter element is the product of all the simple reflections α 1 . . . α 8 and its order, the Coxeter number h, is 30 for E 8 . This also happens to be the sum of the dimensions of the irreducible representations of 2I, ∑ d i . This extends to all other cases of binary polyhedral groups and ADE-type affine Lie algebras.
The following indirect connection between (A 3 , B 3 , H 3 ) and (E 6 , E 7 , E 8 ) via Clifford spinors does not seem to be known: we note that (12, 18, 30) are not only the sums of the dimensions of the irreducible representations ∑ d i of the binary polyhedral groups, but more fundamentally are exactly the numbers of roots Φ in the 3D root systems (A 3 , B 3 , H 3 ) from which these Previously, we discussed the construction of the 120 elements of the binary icosahedral group 2I (within the 4D even subalgebra of the 8D Clifford algebra of 3D space), which can be reinterpreted as the 120 roots of A convenient set of simple roots for H 4 is given by
Since the H 3 root system contains three orthogonal roots, e.g. (1, 0, 0), (0, 1, 0) and (0, 0, 1), the pinor group generated under free Clifford multiplication contains the inversion, given by double-sided action of ±e 1 e 2 e 3 = ±I. So whilst the 120 even products of root vectors stay in the 4D even
FIGURE 2. E 8 Coxeter-Dynkin diagram via two copies of H 4 and the reduced scalar product.
spinor subalgebra consisting of scalar and bivector parts, the 120 odd products in the remaining vector and pseudoscalar part of the algebra are just a second copy of these spinors multiplied by I. So for the pinors double covering the group H 3 of order 120 in the Clifford algebra of 3D space -which is itself an 8D vector space -one gets 240 objects, as one would expect for a construction of E 8 , and furthermore, they consist of a copy of H 4 with 120 roots and another copy multiplied by I, schematically H 4 + IH 4 . For this set of 240 pinors one can now define a 'reduced inner product' in the following way [22, 23] : we keep the spinor copy of H 4 and multiply the copy IH 4 by τI, then take inner products taking into account the recursion relation τ 2 = τ + 1 but finally in this inner product (counterintuitively) setting τ equal to zero. An equivalent point of view is this: a general inner product between roots over the extended integer ring Z[τ] is a Z[τ]-integer and thus has an integer and a τ part (·, ·) = a + τb. The reduced inner product (·, ·) τ is thus now defined as the integer part alone
This set of 240 Clifford pinors contains the above mentioned choice of simple roots of H 4
along with their τ-multiples
With the reduced inner product, most of the inner products among the two sets of H 4 are not affected, but crucially, there are a few products that change links in and between the two H 4 diagrams, turning them into the E 8 diagram.
In turn, the 240 icosahedral pinors are the 240 roots of E 8 with respect to the reduced inner product, and it is straightforward (if tedious) to check closure under reflections with respect to this new inner product.
We discuss a few exemplary and crucial inner products to illustrate the method of taking the reduced inner product as well as the result.
which illustrates that the simply-connected nodes of the original H 4 diagrams are not affected.
resulting in the link labelled by 5 in the H 4 diagram. However,
such that these roots are now orthogonal with respect to the new reduced inner product. On the other hand, Fig. 2 . This completes the construction of E 8 from the icosahedral root system H 3 within the eightdimensional Clifford algebra of 3D space. Surprisingly, the E 8 root system has therefore been lurking in plain sight within the geometry of the Platonic solid the icosahedron for three millennia. As with the 4D induction construction, this discovery was only possible in Clifford algebra -there is much prejudice against the usefulness of Clifford algebras (since they have matrix representations) and usually matrix methods are equivalent if less insightful -but the 4D and 8D induction constructions are to our knowledge the only results that require Clifford algebra and were invisible to standard matrix methods.
CONCLUSION
We have constructed for the first time the E 8 root system from the icosahedral root system H 3 within the 3D Clifford algebra, which is itself an eight-dimensional vector space. Some of the details were previously known individually, but the construction of E 8 from the icosahedron is new and puts those details into a coherent framework. It is fascinating that the exotic E 8 root system that is so central to modern theoretical physics and mathematics has been hiding in plain sight since at least the ancient Greek times of Plato, lurking in the shadows of the icosahedron, and can be viewed much more naturally as a phenomenon within 3D geometry. This is completely contrary to the prevailing view of E 8 as an eight-dimensional phenomenon with no connection to the space we inhabit. The same holds for all the 4D exceptional root systems -their construction, existence and automorphism groups are thought of much more naturally in terms of spinorial geometry. These spinorial constructions therefore in fact yield all the exceptional root systems and could have profound consequences by opening up a new area of interpreting these phenomena in terms of spinorial geometry.
